We investigate the influence of magnons on the temperature-dependence and the anisotropy of the field-like component of the spin-orbit torque (SOT). For this purpose we use 3rd order perturbation theory in the framework of the Keldysh formalism in order to derive suitable equations to compute the magnonic SOT. We find three contributions to the magnonic field-like SOT, the dependence of which on the relaxation time τ , the spin-wave stiffness A and the temperature T are given by T 3/2 τ 3 /A 3/2 , T 7/2 τ 5 /A 3/2 and T 5/2 τ 5 /A 5/2 , respectively, if the magnet is effectively three-dimensional. For effectively two-dimensional magnets we find instead T τ 3 /A, T 3 τ 5 /A and T 2 τ 5 /A 2 . Based on this formalism, we compute the magnonic SOT from first principles in Co/Pt(111), O/Co/Pt(111) and Mn/W(001) magnetic bilayers. We find a sizable magnonic SOT, which exhibits a pronounced anisotropy and a strong temperature dependence.
I. INTRODUCTION
Spin-orbit torques (SOTs) allow us to excite magnetization dynamics and to switch the magnetization in magnetic bits, which may be used for MRAM applications [1] . Therefore, they have become a cornerstone in spintronics research (see Ref. [2] for a recent review). A magnetic bilayer, such as Co/Pt, is composed of a magnetic layer (Co) on a heavy metal layer (Pt). When an electric current is applied in-plane along the x direction in the magnetic bilayer, the torque exerted on the magnetizationM due to the SOT consists of the field-like torque ∝M ×ê y and the antidamping torque ∝M × [M ×ê y ]. Additional contributions, which depend neither likeM ×ê y nor likeM × [M ×ê y ] on the magnetization direction M have been found both experimentally [3] and theoretically [4, 5] . They are referred to as the anisotropy of the SOT.
Electronic structure calculations describe many properties of the SOTs measured in experiments correctly [6] [7] [8] . However, the SOT measured in Ta/CoFeB/MgO nanowires exhibits a strong increase of the field-like component with increasing temperature suggesting thermally induced excitation processes to be at play, which have not yet been considered in microscopic calculations of the SOT [9] [10] [11] .
The same observation is made in Pt/Co/C [12] , Pt/Hf/FeCoB/MgO and W/Hf/FeCoB/MgO [11] . A second phenomenon that calls for extensions of the existing theoretical models is the strong anisotropy found in experiments [3] , which contrasts the often roughly isotropic or only weakly anisotropic SOT obtained in first principles electronic structure calculations [13] .
In this work we extend our first-principles approach for calculations of the SOT [7] by including magnons. Theoretical approaches to compute the effect of magnons on the electrical conductivity in models use rate equations [14] , the Boltzmann equation [15] , and diagram-matic perturbation theory [16, 17] . First-principles methods are based on the disordered-local-moment approach [18] or on the Kubo-Landauer formalism applied to a large supercell with spin disorder [19] . In this paper we make use of the torque operator T to include the effect of magnons. In previous works we showed that the torque operator may be used to compute the response to magnetization dynamics [20] and to calculate the effects of magnetic texture [21, 22] within a first-principles framework. Here, we use perturbations of the form T x sin(q·r−ω mag t) to take into account the wave-vectors q and the frequencies ω mag of magnons. We employ the Keldysh nonequilibrium formalism to assess the SOT in the presence of these perturbations by magnons.
This paper is structured as follows. In Sec. II A we develop the equations suitable to compute the magnonic SOT. The necessary integrals of the magnon dispersion are dealt with in Sec. II B. In Sec. II C we explain how the magnonic torque scales with temperature, relaxation time and spin-wave stiffness. In Sec. II D we generalize the formalism for general magnetization directions, which is necessary for the calculation of the anisotropy of the SOT. In Sec. III A, Sec. III B, and Sec. III C, we present first-principles results on the magnonic torque in Co/Pt(111), in O/Co/Pt(111), and in Mn/W(001) magnetic bilayers, respectively. This paper ends with a summary in Sec. IV.
II. FORMALISM

A. SOT in the presence of magnons
The one-magnon state is described by the normalized magnetization
where η determines the cone-angle of the magnon, ω mag (q) is the dispersion, and q is the magnon wavevector. From the solution of the Heisenberg model it is known that M z is reduced in the 1-magnon state by the factor 1 − 1/N mag , where N mag is the number of sites. Consequently, 1 − η 2 /2 = 1 − 1/N mag and
We consider the ferromagnetic ground state with magnetization in z direction as the unperturbed reference state (in Sec. II D we will generalize the formalism to general magnetization direction) and add the perturbation term
to the Hamiltonian in order to compute the electronic states in the presence of the magnon, Eq. (1). Here, Ω xc (r) = 1 2µB V eff minority (r) − V eff majority (r) is the exchange field, i.e., the difference between the effective potentials of minority and majority electrons, µ B is the Bohr magneton, and T is the torque operator [7] . We include the effect of this perturbation, Eq. (3), on the electronic states with the help of the Keldysh nonequilibrium formalism. A single perturbation by Eq. (3) leads to a response that oscillates spatially proportional to the cos and sin such that its spatial average is zero. We therefore consider the quadratic response to the perturbation Eq. (3). A sampling over the magnon distribution is performed in the course of the derivation.
The perturbation by the applied electric field is given by
where
and e is the elementary positive charge. We will take the limit ω → 0 at the end of the calculation in order to extract the dc response to the applied electric field. Since we need the response quadratic in δH mag and linear in δH em , we take the 3rd order perturbation from the Dyson equation [23] :
where G R eq , G A eq and G < eq are the retarded, advanced, and lesser Green's functions of the unperturbed system, respectively, and δH tot (t) = δH mag (t) + δH em (t). (7) In Eq. (6) we suppressed the two time arguments that each Green's function has for notational convenience. Additionally, we suppressed the time-integrations of the intermediate times t 1 , t 2 and t 3 for notational brevity. How these time-integrals are performed is clarified in the following Eq. (8) . The time-integration of the product of four Green's functions is given by
where α = R, A, < and Ω i may take the values ±ω and ±ω mag (i=1,2,3). The following frequency combinations may contribute to the magnonic SOT: Case 1: Ω 1 = ±ω and Ω 2 = −Ω 3 = ±ω mag . Case 2: Ω 2 = ±ω and Ω 1 = −Ω 3 = ±ω mag . Case 3: Ω 3 = ±ω and Ω 1 = −Ω 2 = ±ω mag . In order to make the equations more compact, we introduce the Keldysh Green's function
In case j we obtain (j = 1, 2, 3):
where in case 1
and in case 2
and in case 3
Green's functions that carry the momentum subscript −u ′ q are shifted in momentum space by −u ′ q. Summing up cases 1,2 and 3 we obtain (14) wherê
Here, in order to save space we introduced the notation G Ω =Ĝ eq (Ω).
For the numerical evaluation of Eq. (15) it is convenient to perform a Taylor-expansion in q and ω mag . For the purposes of this paper we only need the lesser-one contribution toĜ 3 (u, u ′ ), i.e., the contribution proportional to the derivative of the Fermi function f ′ , which we denote by G < 3 (u, u ′ ). Its Taylor-expansion is given by
i.e., G <,(i,j) 3
(u, u ′ ) is i-th order in ω mag and j-th order in q in the Taylor expansion of G < 3 (u, u ′ ). A priori it is unclear whether all terms in the expansion Eq. (16) contribute to the magnonic SOT. Therefore, we will evaluate them separately, such that we can compare their magnitudes later.
At zeroth-order in ω mag and q the lesser-one contribution from Eq. (15) is given by
The SOT due toĜ 3 is given by
G <,(0,0) 3 (u, u ′ ) still needs to be summed over the populated magnon modes. G <,(0,0) 3 (u, u ′ ) itself depends on the magnons only through η. The effect of summing G <,(0,0) 3 (u, u ′ ) over the magnon modes is therefore the multiplication by the number of magnons. We Taylorexpand only the electronic lesser Green's function in terms of ω mag and q and not the Bose-Einstein distribution function. Therefore, we introduce the integral
where F (ω mag (q), T ) is the Bose-Einstein distribution function and V mag is the volume of the unit cell of the magnetic layer. For example, in the case of Co/Pt magnetic bilayers, V mag is the volume occupied by one Coatom, i.e., the volume occupied by the magnetic Co layer divided by the number of Co-atoms in the Co layer. Since the magnons are present only in the magnetic layer, this ensures the proper normalization of I (0,0) (T ). d is the effective dimension of the magnetic layer. For magnetic monolayers deposited on normal metal substrates d = 2 should be used, while d = 3 may be more appropriate for thicker magnetic layers. This integral is evaluated below in section II B. The sum over magnon-modes yields therefore
where we made use of η 2 = 2/N mag (see Eq. (2)). In this paper we discuss only the intraband contributions, i.e., contributions that depend only on the band-diagonal matrix elements n|v|n and n|T γ |n . The intraband contribution is given by
where we used
and
and introducing the k point sampling over the Brillouin zone (with N k points), the intraband contribution becomes
We introduce the corresponding torkance tensor [7] such that
where E 0 = (E 0,x , E 0,y , 0) is the applied in-plane electric field (applied in the plane of the magnetic bilayer, therefore no z component),ê i is the unit vector along the i-th Cartesian direction, and the torkance tensor is
It is instructive to compare this expression for the magnonic field-like SOT to the purely electronic field-like SOT, which is given by [7] :
Therefore, for a given k point and for a given band n the magnonic field-like SOT differs from its purely electronic counterpart by the factor
which may be useful for order-of-magnitude estimates of the magnonic SOT.
The next contribution to the Taylor-expansion is G (16)). According to Eq.
Since we need to sum over u ′ = ±1, this does not contribute to the magnonic SOT. The following contribution G <,(2,0) 3 (u, u ′ ) (see Eq. (16)) requires us to extract the terms quadratic in ω mag from Eq. (15) . We obtain
yĜ
(30) From this we extract the lesser-one contribution
When we substitute
(α=R,A,S), all terms contain 6 Green's functions. Nonzero intraband terms can arise only from terms with 3 retarded and 3 advanced Green's functions. These are:
In order to perform the sampling over magnon modes we introduce the integral
which we discuss below in section II B. Thus, the sum over magnon modes yields the following contribution to the SOT:
where we made use of η 2 = 2/N mag (see Eq. (2)). Using
and introducing k-point sampling over the Brillouin zone, T
The corresponding torkance tensor is given by
which differs from the purely electronic torkance Eq. (28) by the factor 3π
at given k and n. This factor may be useful for order-ofmagnitude estimates of the magnonic SOT. The next contribution to the Taylor-expansion is G <,(0,1) 3 (u, u ′ ) (see Eq. (16)). Since it is linear in q, the average over magnon modes evaluates to zero for it. The next non-zero contribution is therefore G <,(0,2) 3 (u, u ′ ). The Taylor-expansion of Eq. (11), Eq. (12) and Eq. (13) up to second order in q and up to zeroth order in ω mag yields the lesser-one contributionŝ
in case 2, and 
where we used η 2 = 2/N mag and where
This integral is discussed below in section II B. Employing Eq. (36) and introducing k-point sampling over the Brillouin zone, T (0,2),intra mag becomes
which differs from its purely electronic counterpart (Eq. (28)) by the factor
This factor may be useful for order-of-magnitude estimates of the magnonic torque.
B. Integrals over magnon modes
In the previous subsection we introduced integrals over magnon modes in Eq. (20), Eq. (34), and Eq. (45). In order to evaluate these integrals, we assume that the magnon dispersion is given by
where A is the spin-wave stiffness and C is the spin-wave gap. In principle, the q integrals should be restricted to the first Brillouin-zone in q-space, the volume of which is reciprocal to V mag . However, for the examples considered here one introduces only a small error by waiving the restriction to the first Brillouin-zone and integrating instead over the full q-space. Therefore, we integrate in the following over the full q-space, which has the advantage that the integrals are given then by analytical expressions. First, we set the effective dimension d = 3, i.e., we assume that the magnetic layer is so thick that magnons can also be excited along the normal direction, i.e, with q z = 0, such that the integrals should be performed in 3dimensional q-space. Additionally, we set the spin-wave gap C = 0. The first integral is
where ζ denotes the Zeta function, i.e., ζ(3/2) ≈ 2.612, and k B is the Boltzmann constant. The second integral is
where ζ(7/2) ≈ 1.127. For the isotropic dispersion of Eq. (49) the third integrals satisfy I 
where ζ(5/2) ≈ 1.341. In table I we list the values of these integrals at T =300K for various ferromagnets. For the spin-wave stiffnesses we took bulk values from the literature. We multiplied the integrals with the volume per magnetic atom, which is V mag = 11.777Å 3 in the case of Fe, V mag = 11.086Å 3 in the case of Co, and V mag = 10.954Å 3 in the case of Ni. Now, we turn to the case with effective dimension d = 2. The first integral is
which diverges when the magnon gap C goes to zero. The second integral is (assuming C = 0) 
(55)
In table II we list the values of these integrals at T =300K for various ferromagnets. For Fe, Co, and Ni we took the same spin-wave stiffnesses as in Table I . In the two-dimensional case V mag stands for the in-plane area of the unit cell per magnetic atom. These areas are V mag = 4.109Å 2 in the case of Fe, V mag = 2.723Å 2 in the case of Co, and V mag = 3.107Å 2 in the case of Ni. For the first integral I (0,0) we used a magnon gap of 0.1 meV, which ensures convergence, while the values of the second and third integrals are almost not affected by this small gap of 0.1 meV and therefore their values are almost identical to the analytical expressions above with C = 0. The data for Mn in Table II correspond to a monolayer of Mn on W(001) [27] with V mag = 10.018Å 2 . Since the STM experiments on Mn/W(001) were performed at T =13 K we set the temperature in the integrals to T =13 K (Mn-13K). As the spin-wave stiffness of the Mn monolayer is much smaller than the spin-wave stiffnesses of Fe, Co and Ni, the integrals I (0,0) and I (0,2) in Mn at T =13 K are similar in size to the ones of Fe, Co, and Ni at T =300 K. 
C. Dependence on temperature and relaxation time
Putting together the results from the previous two subsections, we find that the three magnonic contributions to the SOT exhibit the following scaling behaviour with respect to temperature T , relaxation time τ , and spin-wave stiffness A when the effective dimension of the magnetic layer is d = 3:
and t (0,2) mag,ij ∝
where we used the relation τ = 1/(2Γ) between quasiparticle broadening Γ and relaxation time τ . When the effective dimension of the magnetic layers is d = 2, we find instead
We will see in Sec. III A that t (0,2) mag,ij is dominant. Its temperature dependence is given by ∝ T d/2+1 . A scaling ∝ T d/2+1 , where d is the dimensionality of the system, has also been found for the spin-wave-induced correction to the conductivity of ferromagnets [17] .
Even though the relaxation time τ depends on temperature through phonon and magnon scattering, we do not express the relaxation time in terms of the temperature here, because interfacial disorder is expected to provide major scattering channels in magnetic bilayers as well. Therefore, we treat temperature and relaxation time τ as independent parameters, because the latter can be controlled independently of temperature by tuning the disorder in the system.
Spin disorder usually increases the electrical resistivity [18, 19] due to the additional scattering channels, which may be described effectively by a simple reduction of the relaxation time. In contrast, the magnonic SOT discussed here cannot simply be accounted for by this reduction of the relaxation time.
D. Generalizations of the formalism to treat the anisotropy of SOT
In Sec. II A we assumed that the magnetization is oriented in z-direction. In order to compute the anisotropy of the SOT, it is necessary to generalize this for general magnetization directions. It is effective to express the magnetization direction in spherical coordinates:
In order to discuss the anisotropy of the SOT it is convenient to project the torques onto the unit vectorŝ e θ = ∂M /∂θ andê φ = ∂M /∂φ/ sin(θ) of the spherical coordinate system, because the torques are perpendicular to the magnetization [3] . For this purpose we define the torkances in spherical coordinates: 
where I, J = 0, 2. Eq. (27), Eq. (38), and Eq. (47) become valid for general magnetization direction if the following replacement is made:
and (Eq. (47) ) for a Co/Pt magnetic bilayer composed of 3 magnetic layers of Co and 10 magnetic layers of Pt based on first-principles density-functional theory calculations of the electronic structure. The computational details of the Co/Pt system are given in Ref. [7] . We make use of Wannier interpolation [28] [29] [30] for Co. We assume that 3 magnetic layers of Co correspond to a mixture of d = 3 and d = 2: Since magnons with q z = 0 can be excited in a Co layer consisting of 3 atomic layers, the assumption d = 2 is certainly an approximation. On the other hand, assuming d = 3 with an isotropic magnon dispersion is certainly an approximation as well. We therefore calculate the two limiting cases d = 3 and d = 2.
We first discuss the case d = 3. The calculated torkances are given in Table III for three magnetization directions: Along the normal direction of the magnetic bilayer (M =ê z , i.e., θ = 0), for θ = 45 • , and parallel to the magnetic bilayer (M =ê x , i.e., θ = 90 • ). Table III shows that the magnonic contribution to the SOT is dominated by t (0,2) mag,θx , which exhibits a strong anisotropy: t (0,2) mag,θx is reduced by a factor of 8 as the magnetization is rotated from out-of-plane (θ = 0) to in-plane (θ = 90 • ). [7] 0.021 0.027 2.774 θ = 45 • 0.059 0.017 0.0215 1.688 θ = 45 • 0.036(φy) 0.007(φy) 0.0095 (φy) 0.995 (φy) θ = 90 • 0.066 0.0021 0.0027 0.343
In Figure 1 we illustrate the strong dependence of t (0,2) mag,xx on the temperature T and the quasiparticle broadening Γ for the case of magnetization in z-direction (θ = 0). The strong temperature dependence found in our calculations resembles the strong temperature dependence measured in experiments [9] [10] [11] [12] . Next, we discuss the case d = 2. The corresponding torkances are listed in Table IV . Again, the torkance t (0,2) mag,ij dominates strongly. t (0,2) mag,ij is larger in the d = 2 case compared to the d = 3 case by the factor 4.9. In Figure 2 we illustrate the strong dependence of t (0,2) mag,xx on the temperature T and the quasiparticle broadening Γ for the case of magnetization in z-direction (θ = 0).
B. O/Co/Pt(111) magnetic bilayer
As discussed in Ref. [7] the calculated field-like torque in Co/Pt(111) differs in sign to the one measured experimentally in AlO x /Co/Pt(111) [3] . Therefore, we consider in this subsection O/Co/Pt(111), i.e., a Co/Pt(111) magnetic bilayer with an additional oxygen monolayer as capping. The field-like torque in O/Co/Pt(111) agrees in sign to the one measured experimentally in AlO x /Co/Pt(111) [7] . Computational details of the O/Co/Pt(111) magnetic bilayer are given in Ref. [7] .
In Table V we well as the direction θ = 60 • , φ = 0. In contrast to the Co/Pt(111) magnetic bilayer without oxygen capping for which t (2, 0) mag,θx strongly dominates, the magnonic torkance t (2, 0) mag,θx in O/Co/Pt is of the same order of magnitude as t odd θx . However, the anisotropy of t (2,0) mag,ij is much larger than the anisotropy of t odd ij also here in O/Co/Pt.
In Table VI we list the torkances in O/Co/Pt assuming the effective dimension d = 2. [7] 0.0018 0.0023 -0.225 θ = 60 • -0.29 0.005 0.0065 0.045 θ = 60 • -0.197(φy) -0.0016(φy) -0.002 (φy) -0.056 (φy) We computed the magnonic SOTs in a Mn monolayer deposited on 9 atomic layers of W(001). The computational details of the Mn/W(001) system are given in Ref. [7] . In the Mn monolayer magnons with q z = 0 do not exist and therefore we confidently set d = 2 and use the values given in Table II for the integrals I (I,J) (T )V mag .
The torkances are listed in Table VII for temperature T =13K. Similar to Co/Pt(111) the torkance t (0,2) mag,ij is dominant despite the small temperature of T =13K, because the spin-wave stiffness in the Mn-monolayer is small as well. The torkance t (0,2) mag,θx is reduced by the factor 2.2 when the magnetization is rotated from outof-plane to in-plane. This anisotropy is smaller than in Co/Pt(111), but still relatively large. Using 3rd order perturbation theory within the framework of the Keldysh nonequilibrium formalism we derive suitable equations to assess the magnonic contributions to the field-like SOT. In comparison to the purely electronic field-like SOT, its magnonic counterpart depends more strongly on the quasiparticle broadening and on the temperature. We distinguish three contributions to the magnonic field-like SOT, which depend on the quasiparticle broadening Γ, the spin-wave stiffness A and the temperature T in the following ways: T 3/2 /(A 3/2 Γ 3 ), T 7/2 /(A 3/2 Γ 5 ) and T 5/2 /(A 5/2 Γ 5 ) when the effective dimension is d = 3 and T /(AΓ 3 ), T 3 /(AΓ 5 ) and T 2 /(A 2 Γ 5 ) when the effective dimension is d = 2. We computed the magnonic SOT from first principles in Co/Pt(111), O/Co/Pt(111), and Mn/W(001) magnetic bilayers. In our calculations the T 5/2 /(A 5/2 Γ 5 ) (d = 3) and T 2 /(A 2 Γ 5 ) (d = 2) contributions dominate the magnonic SOT. We find a strong temperaturedependence of the magnonic contribution to the fieldlike SOT, in agreement with experimental observations. According to our calculations, it exhibits a pronounced anisotropy as well. Since the magnonic SOT is sizable in comparison to its purely electronic counterpart, magnons may therefore explain both the strong temperature dependence and the anisotropy of the field-like SOT found in some experiments.
